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Abstract 

The Steinitz class of a number field extension Kj k is an ideal class in the ring 
of integers Ok of k, which, together with the degree [K : k] of the extension 
determines the C^-module structure of Ok- We call Rt(k, G) the classes 
which are Steinitz classes of a tamely ramified G-extension of k. We will say 
that those classes are realizable for the group G; it is conjectured that the 
set of realizable classes is always a group. 

We define A'-groups inductively, starting by abelian groups and then 
considering semidirect products of /I'-groups with abelian groups of relatively 
prime order and direct products of two A'-groups. Our main result is that 
the conjecture about realizable Steinitz classes for tame extensions is true for 
A'-groups of odd order; this covers many cases not previously known. Further 
we use the same techniques to determine Rj(fc, D n ) for any odd integer n. 

In contrast with many other papers on the subject, we systematically use 
class field theory (instead of Kummer theory and cyclotomic descent). 

Introduction 

Let K/k be an extension of number fields and let Ok and Ok be their rings 
of integers. By Theorem 1.13 in [TS] we know that 

O k = Of :&M © I 

where / is an ideal of Ok- By Theorem 1.14 in [T3] the CVmodule structure 
of Ok is determined by [K : k] and the ideal class of /. This class is called 
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the Steinitz class of K/k and we will indicate it by st(K/k). Let A; be a 
number field and G a finite group, then we define: 

R t (k, G) = {xe Cl(£;) : 3K/k tame, Ga\(K/k) = G, st(K/k) = x}. 

Definition 0.1. We define A 1 -groups inductively: 

1. Finite abelian groups are A 1 -groups. 

2. If Q is an A' -group and H is finite abelian of order prime to that of Q , 
then H x\^G is an A' -group, for any action [i of Q on H . 

3. If Qi and Qi are A' -groups, then Q\ x Q 2 is an A' -group. 

In the following proposition we find a relation between A'-groups and 
more classical kinds of groups. 

Proposition 0.2. Every A 1 -group is a solvable A-group (an A-group is a 
finite group with the property that all of its Sylow subgroups are abelian). 

Proof. Since abelian groups are obviously solvable A-groups, we have only 
to prove that the property of being a solvable A-group is preserved by con- 
structions 2 and 3 in Definition lO.il 

If Q, Qi and Qi are solvable and H is abelian, then H x M Q and Q\ x Q 2 
are clearly solvable. 

If Q is an A-group and H is abelian of order prime to that of Q, then for 
any prime / dividing the order of H an /-Sylow subgroup of H x M Q must 
be a subgroup of H and thus must be abelian. If I divides the order of Q 
then an Z-Sylow subgroup of H x M Q is isomorphic to one of Q and thus it is 
abelian, by hypothesis. So H x^ Q is an A-group. 

If Qi and Qi are A-groups, then for any prime /, an /-Sylow subgroup of 
Q\ x Q 2 is a direct product of /-Sylow subgroups of Q\ and Q2 and hence it is 
abelian, and Q\ x Q 2 is an A-group. □ 

It is an open question whether the converse of the proposition is true or 
not. 

The main result we are going to prove is that the realizable classes for 
a number field k and an A'-group G of odd order form a group; this covers 
many cases not previously known. Further we use the same techniques to 
determine Rt(fc, D n ) for any odd integer n. 

In contrast with many other papers on the subject, we systematically use 
class field theory (instead of Kummer theory and cyclotomic descent). 

This paper is a slightly shortened version of parts of the author's PhD 
thesis 0. For earlier results see pQ, 0, [3], 0], [7j, [H], [II], [12], [13], 
pZD. pEE], M and [20]. 
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1 Preliminary results 
1.1 Steinitz classes 

We start recalling some well-known results about Steinitz classes. 

It is a classical result (which can be deduced by Propositions 8 and 14 of 
chapter III of pU]) that the discriminant of a tamely ramified Galois extension 
K/k of number fields is 

d(K/k) = Y[p iep ~ 1)[J ^r 
p 

where e p is the ramification index of p. 

The discriminant is closely related to the Steinitz class by the following 
theorem. 

Theorem 1.1. Assume K is a finite Galois extension of a number field k. 

(a) If its Galois group either has odd order or has a noncyclic 2-Sylow 
subgroup then d(K/k) is the square of an ideal and this ideal represents 
the Steinitz class of the extension. 

(b) If its Galois group is of even order with a cyclic 2-Sylow subgroup and 
a is any element of k whose square root generates the quadratic subex- 
tension of K/k then d(K/k)/a is the square of a fractional ideal and 
this ideal represents the Steinitz class of the extension. 

Proof. This is a corollary of Theorem 1. 1.1 in [7j. In particular it is shown in 
[7] that in case (b) Kj k does have exactly one quadratic subextension. □ 

Further, considering Steinitz classes in towers of extensions, we will need 
the following proposition. 
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Proposition 1.2. Suppose K/E and E/k are number fields extensions. 
Then 

st(K/k) = st(E/ky K:E ^N E/k (st(K/E)). 
Proof. This is Proposition 1.1.2 in [7]. □ 



1.2 Class field theory 

To prove our results we will use techniques from class field theory. We will 
use the notations and some results of [To] . 

We will denote by Up the units of a number field k completed at a prime 
p, by Jfe the idele group of k and by C k = h/k* the idele class group. We set 

U n = [Up ifn = 
p \l + p n ifn>0. 

For any cycle m = Ylp P" p we consider the groups I™ = Ylp Up* and the 
congruence subgroup mod m of C k , i.e. C™ = I™ ■ k*/k* C C k . 
For every prime p we have the canonical injection 

[ ] : K - C k , 

which associates to a p e k* the class of the idele 

[a p ] = (. .., 1,1,1, a p , 1,1,1,...). 

To construct number fields extensions with a given Steinitz class we will 
use the following results. 

Theorem 1.3. Let G be an abelian group. Every surjective homomorphism 
if : Ck — > G whose kernel contains a congruence subgroup C™ is the norm 
residue symbol of a unique extension K/k with Galois group isomorphic to 
G and ty?([t/p]) is its inertia group for the prime p. In particular 

e p (K/k) = #<p([U 9 )) 

and if the primes dividing the order of G do not divide m ; then the extension 
is tame. 

Proof. By Theorem IV. 7.1 of [TU] there exists a unique abelian extension Kj k 
with Nk/jcCk = keryj. By Theorem IV. 6. 5 in [16] the global residue symbol 
of K/k gives an isomorphism Cfe/keryj = Ck/^K/kCR —> Gal(i^//c) ab = 
GaA(K/k) and thus clearly Gal(K/k) = G. Now let K\ and K2 be two fields 
corresponding to the same residue symbol, then ^Kx/IsPki = ^K 2 /kCK 2 an d 
so, by Theorem IV. 7.1 of [TB], K\ = K 2 . 

The group <^([f/ p ]) is the inertia group for the prime p because of Theorem 
III.8.10 in p3] and Proposition IV.6.6 in [16]. □ 
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Let L/K and K/k be an abelian and a Galois extension of number fields 
respectively, such that L/k is normal, U = Ga\(L/K) and A = Gal(K/k). 
Let S G A, a G U and let 5, 5' G Gal(L/fc) be two extensions of S to Gal(L/fc). 
Then 5'~ 1 5 G W and, by the commutativity of U, we have that 

la = ~5a~5- 1 = ^'^fcr^'r 1 = ~5'a~5'- 1 = 8' # a, 

so that we can define 5* : U — > W by 5* = 5*. 

Proposition 1.4. Lei i^/fc 6e a finite tame extension with Galois group A, 
let U be a finite abelian group and let cf) : A — ► Aut(W) fre an action of 
A on U. Then for a A-invariant surjective homomorphism if : C% — > IA, 
whose kernel contains a congruence subgroup Cj£ ; the extension L/K given 
by Theorem \1.3\ is Galois over k. The following sequence is exact 

1 -> Gal(L/A;) -> A -> 1 

and the induced action of A onlA is the given one. 

Proof. Let K be the maximal abelian extension of K; by standard arguments 
K/k is Galois. Since K D L, there is a normal closure L\ of L/fc in K and 
the extension L\/K is finite and abelian. Let 7r : Gal(Li/iT) — ► Gal (L/if) 
be the projection, then L is the fixed field of ker7r. By Proposition II. 3. 3 in 

m 

7r = ( , L/K) o r Ll/K = tpo r Ll/K 
and for 5 G Gal(Li/fc) we have, using also the hypothesis of A-invariance, 

4 o 7r = 5* o <f o r Ll / K = <p o 5 o r Ll/K = ° r W^ ° = n ° £*• 

Thus 

5* ker 7r = ker(7r o 5^ 1 ) = ker(5 j) T 1 o n) = ker7r. 

So ker7r is normal in Gal(Li/A;). It follows that L/k is Galois. The exactness 
of the sequence is obvious and the statement about the action of A on U 
follows from Proposition II. 3. 3 in [16], since the given action is the only one 
for which the diagram on the right commutes. □ 

For any cycle m = ripP™" we cal1 H K/k = ^K/kJx " Pk, where J™ is the 
group of all ideals prime to m and P k m is the group of all principal ideals 
generated by an element a = 1 (mod p np ) for all p|m. 

Let K be an abelian extension of k, contained in the ray class field mod 
m; the cycle m is called a cycle of declaration for K/k. 
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Proposition 1.5. Let K, Ki, K 2 be finite abelian extensions of a number field 
k and let m be a cycle of declaration for them. Then there is an isomorphism 

7T TO : N K/k C K /C k -> Hx/k/P™, 

and 

Kl C K 2 <=> D fl£ /fc , 

fjm rrm n rrm rrm rrm rrm 

£1 K 1 -K 2 /k — "Jfi/Jfc 1 1 rL K 2 /k^ £1 K 1 nK 2 /k ~ n K\jk ' n K 2 /k- 



Proof. By Proposition IV. 8.1 in [16] . there exists a surjective homomorphism 
TTm '■ Ck — > Jf^/P™ anc ^ by the exact commutative diagram in Theorem IV. 8. 2 
in [16], we obtain that 7r m (N^ /fc C K ) = H% /k /P?. By Theorem IV.7.1 of [16], 
Nfcr/fcCx 3 C™ (m is a cycle of declaration of K/k) and then by Proposition 
IV.8.1 in [16J it is the kernel of vr m : N K/k C K -> H^ /k /P^. 

Now the result follows by Theorem IV.7.1 of [16] and by the fact that 
H™, k is the counterimage of H^^/P™ by the projection J™ — ► J™/P™. □ 

Proposition 1.6. Let /c m 6e £/ie ray c/ass field modulo a cycle m of a number 
field k. Then 

'k m /k s 



: Jf/P- - Gal(fc m /fc) 



is an isomorphism. 



Proof. By definition of the ray class field mod m, N^m / k C k m = C™ and thus by 
Proposition 11.51 we obtain that H^^/P™ is the trivial group. We conclude 
using Theorem IV. 8. 2 in [16]. □ 

Proposition 1.7. Let m be a cycle for a number field k. Then each class 
in the ray class group modulo m contains infinitely many prime ideals of 
absolute degree 1. 

Proof. For each ray class in J™/P™ we can consider the automorphisms o G 
Ga\(k m /k) corresponding to it by the isomorphism of Proposition 11.61 By 
Chebotarev Theorem (V.6.4 in [IE]), there exist infinitely many prime ideals 

p in k, unramified in k m , of absolute degree 1 and with er = (^-pj ■ By 

construction they must be in the given ray class. □ 

Definition 1.8. Let K/k be a finite abelian extension of number fields and 
let m be a cycle of declaration of K/k. We define 

W(k, K) = N K/k J™ ■ P k /P k = H™ /k ■ P k /P k . 

If Cm is an m-th root of unity we use the notation W(k,m) = W(k, k(( m )). 
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Proposition 1.9. By class field theory W(k,K) corresponds to the maximal 
unramified subextendion of K/k, i.e. 

W(k,K) = H l Knkl/k /P k , 

where k 1 is the Hilbert class field of k. In particular W(k, K) does not depend 
on the choice of the cycle of declaration m of K/k. 

Proof. By Theorem IV. 8. 2 of [16] and by Proposition 11.61 the kernel of 

is H£ 1/k /P£ = {P k n J?)/P fc m , i.e. Hf 1/k = P k n J fc m and, by Proposition Ol 

n Knk 1 /k ~ n K/k ' n k 1 /k — n K/k ' \ r k I I Jk )■ 

Let x G H^ nk i, k /Pk, then by Proposition 11.71 there exists a prime p \ m 
in the class of x, i.e., recalling also the definition of H^ nk i/ k , 

P e H Knkl / k n J k = H% nkl/k ■ P k = Hx/ k ■ (Pk n J™) ■ P fc = H£ /k ■ P k 
and so x G • P k /P k . Thus 

H Knh i/ k /Pk Q Hx /k ■ P k /P k = Hx nk i/ k /Pk 

and the opposite inclusion is trivial. 
Thus we have proved that 

W(k, K) = H% /k ■ P k /P k = H l Knkl/k /P k . 

□ 

The following results are similar to the characterizations of W(k, K) given 



in 



171. 



Proposition 1.10. Let K/k be a finite abelian extension of number fields. 
Then the following subsets of the class group of k are equal to W(k,K): 

W\ = {x G J k /P k : x contains infinitely many primes of absolute degree 1 

splitting completely in K} 
Wi = {x G J k /P k : x contains a prime splitting completely in K} 
W 3 = N K/k (J K ) ■ P k /P k . 
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Proof. Let x G W(k,K) and let m be a cycle of declaration of K/k. By 
definition x = a-Pk, where a G H^, k . By Proposition 1 1 . 71 there exist infinitely 
many primes of absolute degree 1 in the ray class modulo m containing a; 
let p be one of them, which does not ramify in K/k. Then p = a ■ (b), 
where (b) G P™, and thus p G H^, k and by Theorem IV. 8. 4 in [16] we can 
conclude that p splits completely in K. Thus x G W\ and we have proved 
that W(k, K) C W x . 
Obviously W X QW 2 . 

Let x G W2 and p be a prime in x which splits completely in K. Then 
for any prime divisor ^3 of p in K, N^/ fc (*p) = p. Thus x = Nx/kity) • P k and 
hence W 2 C W 3 . 

Recalling Proposition 11.91 we obtain that 



N K/k {J K ) ■ Pk/Pk C AWa(-W) • = H^/jPk = W(k, K). 

□ 



In the case of cyclotomic extensions we obtain some further results. 

Lemma 1.11. Let p be a prime in k of absolute degree 1, splitting completely 
in fc(Cm) and unramified over Q. Then N fc /Q(p) G Pq, where m = m ■ p^. 

Proof. By hypothesis Ok /p is the finite field with p elements, where N fc /Q (p ) = 
(p), and (Ok/p)* contains a primitive m-th root of unity, i.e. an element of 
order m. Hence m must divide |Ofc/p| — 1 = p — 1, i.e. p = 1 (mod m), 
which is equivalent to the assertion. □ 

Lemma 1.12. Let k be a number field, let m be a cycle of declaration of 
k(( m )/k and let a G J™ be such that N fc /Q(a) G Pq, then a G H^^,^ i.e. 
the class of a is in W(k,m). 

Proof. By Proposition II. 3. 3 in [T6] . 




Of course also the restriction of f ™ J to is trivial; thus we have proved 
that 





i.e. that a G H, 



□ 



s 



Lemma 1.13. Let K/k be a tamely ramified abelian extension of number 
fields and let p be a prime ideal in k whose ramification index in K/k is 
e, then N fc /{j(p) G P^, where m = e • p^. In particular, by Lemma [1.1 4 
p G Hyt e y k and so its class is in W(k,e). 

Proof. This is Lemma 1.2.1 of [7]. □ 



2 Main results 

Let Q be a finite group of order m, let H = C(n\) x • • • x C(n r ) be an abelian 
group of order n, with generators r%, . . . ,r r and with ni + \\ni. Let 

// : Q Aut(#) 

be an action of Q on H and let 



be an exact sequence of groups such that the induced action of g on H is 
/i. We assume that the group G is determined, up to isomorphism, by the 
above exact sequence and by the action fi (this is true e.g. if \g\ and \H\ are 
coprime). We are going to study Rt(k,G). 
We define 




1 if some (and hence every) 2-Sylow subgroup of G is not cyclic 

2 if some (and hence every) 2-Sylow subgroup of G is cyclic 



and in a similar way we define tjh and r/g. We will always use the letter / 
only for prime numbers, even if not explicitly indicated. 

We say that (K,k\,k) is of type \x if ki/k, Kjk\ and K/k are Galois 
extensions with Galois groups isomorphic to g, H and G respectively and 
such that the action of Gal(fci/fc) = g on Gal(i^/A;i) = H is given by \i. For 
any ^-extension k\ of k we define Rt(fci, k, /x) as the set of those ideal classes 
of k\ which are Steinitz classes of a tamely ramified extension K/k\ for which 
(K, k±, k) is of type \x. 

2.1 Some definitions and simple properties 

For any r G H we define 



fa^r ■ g x Gal(fc(C„(r))/fc) -> Aut(H) 
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by ^k,t,A(9i, 92)) = n(g\) for any (g 1 ,g 2 ) G G x Gal(fc(C o(r ))/fc) and 
£ fe , M ,r : x Gal(fc(C 0(T) )/A;) - (Z/o(r)Z)* 

by i>k,ix,r((9i, 92)) = Vk,r(92) where # 2 (Co(t)) = Cjy)^ for an Y (fl^^) G £ x 
Gal(ib(C (r))/A;). Let 

Gu^r = {geGx Gai(k(CtT))/k) : h,,A9){r) = r°^} 

= {(9i,92) eQx Gal(^(C 0(r) )A) : //(^)(r) = r^^} . 

We define 



GW = {ge Gal(fc(C( T ))/A;) : e £, (#i,#) e G, 




and -Efe iM)T as the fixed field of G k ^ T in fc(Co(r))- 

Lemma 2.1. For any r G H, G k ^ T is a subgroup of Gal(/c(£ ( T ))//c). 
Proo/. If (51,5-2), (<7i,<72) G Gfc,^, then 

= v(gi)(v(gi)(T)) = fik ( (0101, #2<? 2 ) )(r) 

and 

^..((srW 1 )) = ^.rOw)- 1 = ^ ^(^) ^.rOw)- 1 ^ 

Hence (#i^, ^^(s^ 1 , S^ 1 ) G and the set G fc)M>T is a subgroup of 

Gal(fc(C( T ))/A0. □ 

Given a (/-extension £4 of k, there is an injection of Gal(ki(( ^) / k) into 
£ x Gal(/c(£ ( T ))/A;) (defined in the obvious way). We will always identify 
Gal(/ci(Co(r))/^) with its image in Q x Gal(/c(Co( T ))/^)- So we may consider 
the subgroup 

Gk!/k,n,T = Gk,n,r H Gal(fci(Co(T))/fc) 

of G fcj/ljT . Let Z kl/k ^ T be its fixed field in fci(Co( T ))- 

If fci n fc(Co(r)) = then Gal(/ci(Co(r))/^) = £ x Gal(fc(Co( T ))A) and hence 

Gki/k,n,T Gk,fi,r- 

Lemma 2.2. For any t e H, kiZ kl/k ^ T = fci(Co(r))- 
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Proof. Let g E Gal(fci(C ( T )) Ai) n G kl/ktfljT , then g\ kl = 1, i.e. fx k ^ T (g)(r) = 
t, and T Vk ^' T ^ = jl k ^ T (g)(T) = t. Thus g(Co(r)) = Co(t) an d we conclude 
that (? = 1. We have proved that 



i.e. that 



Gal(fci(Co(r))Ai) n Gki/k,n,r 
k\Z kl / k ^ T = ki(( ( T )). 



1 



Lemma 2.3. Let r E H, then 

E k ^ T C Z kl / k ^ T fl k(C,o(T)) 
and we have an equality if ki fl fc(C(r)) = k. 
Proof. We observe that 

Gk,n,r 3 {#2 G Gal(A; (Co( T )) A) : 3#i G £?, (pi,^) G G fel / fcjAt)T | 
\G fel/fcAr )res^°^ ) )) (Gal(/ci(Co(r))/A;(Co(r)))) 

) 



«(Co(t) 
MCo(t 
«(Co(r) 

fc(Co(r) 



res 



(Gal(A;i(C (r))/^i/fc lA1 ,T n &(Co(t)))) 



Gal(/c(Co(r))/^fc 1 /fc,^r □ fc(Co(r))) 



i.e. that 



If fci n A;(Co(t)) = then G kl / kj ^ T = Gk,n, T an d we have equalities. 
Lemma 2.4. Lei t E H, then 

W(k,Z kl/k ^ T ) CW(k,E ktlhT ). 
If ki H fc(Co(r(0)) = ^ anc ^ ever?/ subextension of k\/k is ramified then 

W(k,Z kl/k ^ T ) = W(k,E k>fijT ). 
Proof. By Lemma 12.31 it is obvious that 

W{k, Z kl/k)lhT ) C W(A;, E k) n, T )- 



□ 



□ 
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Now we assume that k\jk has no unramified subextensions and we prove 
that 

where fc 1 is the ray class field modulo 1, i.e. the Hilbert class field. If that is 
not true, then &(Co(Y)) Q (^ 1 nfci(Co(T))) - MCo(r)) — ^i(Co(r)) and the extension 
(A; 1 fl fci(Co(r))) " ^(Co(r))A(Co(r)) is ramified at a prime ramified in k\jk. This 
prime must ramify also in k l fl ki(( ^)/k, which is impossible. Thus if 
ki fl k(( ( T )) = k and k\fk has no unramified subextensions then, recalling 
also Lemma 12.31 

k x r\E k ^ T = A; 1 nz fel/fcAT n/c(C ( T )) = k 1 nz fcl/fcjAt)T nA;i(C (T)) = ^n^/t,^ 

and by Proposition 11.91 we conclude that W(k, E k ^ T ) = W(k, Z kl / k>tijT ). □ 

2.2 Some realizable classes for nonabelian groups 

First of all we need a more general version of the Multiplication Lemma on 
page 22 in [7J by Lawrence P. Endo. 

Lemma 2.5. Let (Ki,ki,k) and (K 2 ,ki,k) be extensions of type /i ; such 
that (d(Ki/ki),d(K 2 /ki)) = 1 and K\jk\ and K 2 /ki have no non-trivial 
unramified subextensions. Then there exists an extension (K,ki,k) of type 
\x, such that K C K\K 2 and for which 

st(K/ki) = st^i/JfeOstCKaAi). 

Proof. The hypotheses of the lemma imply that K\ and K 2 are linearly dis- 
joint over ki. Let us fix isomorphisms such that the action of Q = Gal(ki/k) 
on H = Gal(Ki/ki) given by conjugation coincides with /i. Let us embed H 
into Gd\{KiK 2 /ki) by means of the corresponding diagonal map 

diag : H -> Gal^i/A^) x Gal^/Aa) = G&\{KxK 2 /ki). 

Let K be the fixed field of diag(/7). Then, by Endo's Multiplication Lemma 
(page 22 in [7]), we know that Gal(K / k\) = H and that 

st(K/h) = stiKjkJsti^/kt). 

The action of Q = Ga\(ki/k) on 

Gal(K 1 K 2 /h) ^ GalfXi/fci) x Ga\(K 2 /h) 

is given by 

fl(g)((hi,h 2 )) = (M^XM.MsXM)- 
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It follows that the action of Q = Gal(ki/k) on 

GaliK/h) = Gal(K 1 iT 2 /A; 1 )/diag( J ff) S H 

(where the last isomorphism is given by the projection on the first compo- 
nent) coincides with the action \i. Hence (K, ki, k) is of type fi. □ 

For any integer nGN and any prime I, we denote by n(l) the power of I 
such that n(l)\n and I \n/n{l). For any r G H and for any prime I dividing 
the order o(r) of r we define the element 

o(t) 

T (l) = t^W) 

in the /-Sylow subgroup H(l) of H. From now on we will assume that H is 
of odd order. 

We recall some definitions and a classical result. 

Definition 2.6. Let R be a commutative ring, G a finite group and H a 
subgroup of G. The operation of restriction of scalars from R[G] to R[H] 
assigns to each left R[G]-module M a left R[H]-module res^(M), whose un- 
derlying abelian group is still M and such that for h 6 H and m G M, hm 
is obtained considering h as an element of G. 

Definition 2.7. Let R be a commutative ring, G a finite group and H a 
subgroup of G. The operation of induction from R[H]-modules to R[G)- 
modules assigns to each left R[H]-module L a left R[G]-module ind^(L) 7 
given by 

indg(L) = R[G] ® m L. 

Theorem 2.8 (Frobenius reciprocity). Let H be a subgroup of a group G 
and let L be a left R[H]-module and M a left R[G]-module. Then there exists 
an isomorphism of R-modules 

r : nom R[H] {L,ies%{M)) -> Rom m {md%{L), M). 

This isomorphism is such that 

(rf)(g®l)=g-f(l) 

Proof. This is Theorem 10.8 in [6]. The explicit description of r may be 
deduced from the proof. □ 
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We will only use the above result with R = Z. 

Let k\/k be an extension of number fields with Galois group Q. Let 
^Pi, . . . , tyt be prime ideals in O kl , unramified over pi, . . . , p t G N, so that the 
classes Xi of the ^ are generators of Cl(fci) (they exist because of Proposition 
11.71) and let = (ctj), where hi is the order of Xi. 

We define the homomorphism (the so-called content map) 

n:I k ^J k , a^]Jp v ^\ 

pfoo 

Let 7T(p- be a prime element in (ki)^ and yi = [7r<p.] G I kl , then 7r(y$) = tyi 
and 

o< = —v h i % e TT c/ip 

* <p 

is congruent to yf 1 mod 

For any 5 G ^ let b$^ G n^p^ an d ^<Mj e ^ (they exist thanks to the 
exactness of the sequence 1 — > YlmUsp/Ufa — > C kl — > Cl(A;i) — > 1) be such 
that 

t 

i=i 

Let {mi, . . . ,Ut} be the union of a system of generators of the abelian 
group U kl with {ax, ...,a t } and \J Seg {b s>1 , b Sjt }. 

Let i be the map from the class group of k to the class group of k\ induced 
by the map which pushes up ideals of k to ideals of k±. 

Lemma 2.9. A group homomorphism tpo : {Yl p U p )/Uk — > G can be extended 

to (f : Ck — > G z/ and or% i//or j = 1, . . . , t, <po( a j) = <?/ with gj G G. VFe 
can request also that <p(yj) = gj. 

Proof. (=>•) We have 

M°j) = <P(Vj i ) = <P(Vi) hi eG hi - 

(<=) Let us define 



^11 ^ /U k x(e u ..., e t ) j /{e^/^lj = 1, . . . , t} 



where the second component in the direct product is a free abelian group. 
We may extend the inclusion i : (rip)^p/^fc c — ► Cfc to by ej i— > and 
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thus also the map 7r o % : (Y[pUp)/U k — * C\(k) by ej 
following commutative diagram 



I— > Xa. We obtain the 



1 



(n P u P ) /u k 



Bk 



C\(k) 



1 



id 



id 



1 



(n P u P ) /u k 



Ck 



C\{k) 



1 



where the horizontal sequences are exact. It follows that B k — C k - Now we 
define Cp : B k — > G by <p(a) = <Po{a) for a G [] U p /U k and <p(ej) = Qj. This is 
a good definition since 



By the isomorphism between Bk and Ck we obtain the requested : C k — > G. 



The following lemma is a crucial technical result. 

Lemma 2.10. Let fci 6e a tame Q-extension of k and let x G W(A;, ki(( ni )). 
Then there exist tame extensions of k\ of type fi, whose Steinitz classes (over 
k\) are i{x) a , where: 



In particular there exist tame extensions of k\ of type /i with trivial Steinitz 
class. 

We can choose these extensions so that they are unramified at all infinite 
primes, that the discriminants are prime to a given ideal I of O k and that 
all their proper subextensions are ramified. 

Proof. By Proposition |1.1U[ x contains infinitely many primes q of absolute 
degree 1 splitting completely in fci(Cm)- Let q be any such prime and let 
qO kl = n<5ee ^(Q) ^ e ^ s decomposition in fci, let g& be a generator of Kq = 
Uq/Uq. Now 5 gives an isomorphism from so we may define 

a generator 




Since the restriction of the isomorphism B k — Ck to ^Hp^pJ i s the 
identity map, it is clear that ip is an extension of ipQ. □ 




gs(Q) = 8{gn) 
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of KgrQ\ for any 5 G Q. We also define generators g<$ of for all the other 

prime ideals and for any a G n<p we define h^ a G Z, through g^' a = a<p 
(mod <p). 

For any prime 5(0), dividing a prime q of absolute degree 1 splitting 
completely in ki(( ni ), let hs(Q), a be the class of hs(Q), a modulo ri\ (since 5(0.) 
is of absolute degree 1, it follows by Lemma H. Ill that the order of gs(Q) is a 
multiple of ni, i.e. that hsiQ),a is we h defined). The set of all the possible 
mT-tuples 

,Uj)8aQ\ j=l,...,T 

is finite. Then it follows from the pigeonhole principle that there are infinitely 
many q corresponding to the same mT-tuple. 

Let qi, . . . , q r+ \ be r + 1 such prime ideals and 0i, . . . , O r +i primes of 
k\ dividing them. We can assume that they are distinct and that they are 
prime to a fixed ideal / and to ?Pi, . . . , $p t . 

Now let us define (fi : Kq. — > H, posing 

<Pi(9Qi) = r u 
for % = 1, . . . , r, and <p r+ i '■ K h r +i ~* ^, posing 

(Pr+liffQr+i) = (n ■ ■ ■ T^ 1 . 

Then we extend ip^ to 

(pi : indf 1} K^. = IJ^) H 

using Theorem 12.81 

Now let us define (p : Y[q K h ~^ H, posing 

^°I K I(£5 •) = ^ i ior i = 1, . . . ,r + 1 and 5 G Q 
^oUj = 1 for <Ptq!,...,q r+1 . 

By construction (p is ^-invariant and hence, for any 5 G Q, 

\ / / r+1 \ \ / r+1 



¥>0 




.1=1 / \ \j=l / / \i=l 



It follows that <Po( u j) = 1 for j = 1, . . . , T and thus in particular (p is trivial 
on Ufa, on the ai, . . . , a t and on b$ ; i, . . . , 6^ for any 5 <E Q. This means that 
ipo is well defined on (II<p^p)/^fci and that v 9 o(%) = 1 and <fo(bsj) = 1. 
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Then it follows from Lemma 12.91 that ipo can be extended to ip : — > G; 
the kernel of (p contains where m = J^t^Oj, an d so — ker</>. We 
can also assume that ip(yj) = 1, for all j. It follows from Theorem 11.31 that 
there is an if-Galois extension of k%, ramifying only in the primes above 
qi, . . . , q r +i, with indices rij for j e {1, . . . , r} and n\ for j = r + 1. 

Further the action of an element of Q on one of the jjj gives a combination 
of some bs t i and jjj, on which (p is trivial. Recalling that ip is ^-invariant, it 
follows that also the homomorphism ip is (/-invariant and so by Proposition 
11.41 and by the fact that G is identified by the exact sequence 1 — > H — > G — > 
Q — > 1 and by the action \x (Theorem 7.41 in jTTj ) we obtain an extension of 
type fi. Its discriminant is 

Since the order of if is odd, by Theorem 11.11 the Steinitz class is L(x) a . It is 
immediate to verify the additional conditions. 

□ 

Lemma 2.11. Let k\ be a Q ' -extension of k, let I be a prime dividing n, 
t G H{1) \ {1} and let x be any class in W(k, Z^/^). Then there exist 
extensions of k\ of type n, whose Steinitz classes (over k\) are , where: 



(a) a t)1 = (I - 1) 

(b) a l>2 = (o(r) - 1) 



n 



(c) a«, 3 



o(t) 
3(1-1) 



We can choose these extensions so that they satisfy the additional conditions 
of Lemma \2.1(A 

Proof. By Lemma [2 . 1 01 there exists an extension K of k\ of type \i with trivial 
Steinitz class and such that Kj k\ is unramified at all infinite primes, that its 
discriminant is prime to a given ideal I of Ok and that all its subextensions 
are ramified. 

By Proposition 11.10} x contains infinitely many primes q of absolute de- 
gree 1 splitting completely in Z kl / k ^ T . Those primes obviously split com- 
pletely also in the extension fei(Co(r)) = kxZ^/k,^ (the equality holds by 
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Lemma [2^2]) of k\. We can assume that they do not ramify in ki/k, that they 
are prime to / and, by the pigeonhole principle, that there are prime ideals 
in ki, dividing the q, and with a fixed decomposition group D, of order /, 
in fci/fc; let p = m/f. We choose a set A of representatives of the cosets 5D, 
with 5 G Q. Then (\O kl = YlseA are the decompositions of the primes q 
in k\. 

Let g& be a generator of k*q = Uq/Uq. Now 5 G A gives an isomorphism 
from K* a to and so we may define a generator 

0*(£i) = 8(gn) 

of for any 5 G A. We know that any 5 G D defines an automorphism 
of Kq, of the form 

5(g Q )=g X »'\ 

where Xa,s is an integer. We can extend 5 G D to a 5 G Gal(/ci(Co(r))A) m a 
way such that 5(0) = 0, where is a prime in fci(Co(r)) above (it is enough 
to extend 5 in some way and then to multiply it by an appropriate element 
of Gal(&i(C ( T ))/A;i)). This element acts as a A^-th power on k*^ = k*^ (the 
equality holds because splits completely in &i(Co(t)))- Thus, for 5 E D, 

Or® = 5 (C-(r)) - (mod 0) 

and, recalling that the powers of £ c ( r ) are distinct modulo (since is prime 
to I and thus to o(r)), 

Aij,<5 = h,p,T$) ( mod °( r ))- 

Since the prime q splits completely in Z kl / k ^ T and 5(0) = 0, we obtain that 
5 G Gal(Aa(C ( T) )/Z fe i/k,n,r) an d hence 

= /W(5)(t) = r**^ = r x ^. 

Defining the /wqw as m the previous lemma, the set of all the possible 
pT-tuples 

is finite. Then it follows from the pigeonhole principle that there are infinitely 
many q corresponding to the same pT-tuple. 

Let qi,q2,q3 be 3 such prime ideals and let 0i,0 2 ,03 be primes of ki 
dividing them. We can assume that they are distinct, that they are prime 
to a fixed ideal /, to ?Pi, . . . , %$ t and to d(K/ki) and that they satisfy all the 
above requests. 
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(a) Now let us define pi : k*q_ — > i7 , for z = 1, 2, posing 

o(t) 

<pi(ga 1 ) = t 1 

and 

^2{9q 2 ) = t ' ■ 

For 5 G -D, we have 

Thus y?i is a .D-invariant homomorphism and the same is true for (p2- 
Then, for % = 1,2, we extend tpi to 

(pi : ind^K^j. S JJ /c; (jQi) -> # 
using Theorem 12.81 and we define <^ : Y[<$ K <p ~> H, posing 

^°k( Qi ) = & for i = 2 and 5 G A 
^oUj = 1 for«Ptqi,q 2 . 

As in Lemma [2. 101 we can extend ipo to a ^-invariant surjective homo- 
morphism if : Ck x — > H, whose kernel contains a congruence subgroup 
of Cfcj and hence this is true also for 

tp ■ ( ,K/ki) : C kl — > H. 

We can conclude that there exists an extension of type /i, with discrim- 

d(K/h) (( qi q 2 )^TO kl ) 
and so its Steinitz class is L{x) ai ^. 

(b) Now let us define pi : — > H, for z = 1,2, posing 

¥>i(#Oi) = r 

and 

Exactly as in the first case we obtain an extension of type \x with 
discriminant 

d(K/h) f(q 1 q 2 ) (o(T) - 1) ^)O fc / 



and so its Steinitz class is L(x) ai > 2 . 
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(c) We define <fi : — > H, for i = 1,2, 3, posing 

o(t) 

and 

Now we obtain an extension of type /x with discriminant 

d(K/h) ((q 1 q 2 q 3 ) (J - 1) TO fel ) 
and so its Steinitz class is L(x) ai > 3 . 

Lemma 12.111 is now completely proved. □ 
At this point we can prove the following proposition. 

Proposition 2.12. Let I be a prime dividing the order n of H, which we 
assume to be odd, and let r G H(l), then 

l-l n 

i(W(k,Z kl/k ^ T )) 2 »W CR t (k u k,n). 

Proof. Let I be a prime dividing n, let r G H(l) and let x G W(k, Z kl / k ^^). 
It follows from Lemma 12.51 and Lemma 12.111 that l(x)^ 1 is in R^fei, k, fift), 
where: 

f ,, n n , , n . n 3(7 — 1) n 
fl = g cd((l-l) T ,( (r)-l)^,-4-J T 

n Z — 1 n 



gcd (o(r) - 1 



ofrV 2 / 



Clearly /3; divides V^c^y anc ^ so we concm de that 

t(ar) 2 °w G R^k^k, Hz)- 

□ 

The next proposition is the main result we want to prove in this section. 
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Proposition 2.13. Let k be a number field and let Q be a finite group such 
that for any class x G Rt{k, G) there exists a tame Q-extension k\ with Steinitz 
class x and such that every subextension ofki/k is ramified at some primes 
which are unramified in k(( ni )/k. 

Let H = C(n\) x • • • x C(n r ) be an abelian group of odd order n and let 
fi be an action of Q on H. We assume that the exact sequence 

in which the induced action of Q on H is fi, determines the group G, up to 
isomorphism. Then 



Rt(k,G)DR t (k,g) n l[ 11 W(k,E k ^ T 

l\n reH(l) 



l — l mn 
2 o(r) 



where E k ^ T is the fixed field of G k ^ tT i n MCo(V))> 

G k ,,, T ={ge Gal(*(C o(T ))A) : 3gi G G, fx( gi )(r) = r^} 
and g((o(r)) = Qt) 9) f° r an V 9 e Ga\(k(( o(T) ) / k) . 

Proof. Let x G Rt{k,G) and let k\ be a tame ^-extension of k, with Steinitz 
class x, and such that every subextension of k\jk is ramified at some primes 
which are unramified in k(( ni )/k. Thus it follows also that k\ D k(( ni ) = k. 

By Proposition 11.21 Lemma 12. 4} Lemma 12.51 and Proposition 12.121 we 
obtain 

Rt(k,G)Dx n H J] W{k,E k ^ T ) l ^W) . 

l\n reH(l) 

We can conclude since the above inclusion holds for any x G Rt(/c, G\ Q 

In this section we have only proved one inclusion concerning R f (/c,G). 
To prove the opposite one we will need some more restrictive hypotheses. 
However the following lemma is true in the most general setting. 

Lemma 2.14. Let (K, k\, k) be a tame ^-extension and let ^ be a prime in 
k\ ramifying in Kjk\ and let p be the corresponding prime in k. Then 

x G W(k,Z kl/k ^ T ) C W(k, E k)ll)T ) C p| W(k,E k ^ T{l) ) 

Z|e<p 

where x is the class of p and r generates ([CAp], K/k\). 
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Proof. Let e«p be the ramification index of ^3 in Kj k\ and let f p be the inertia 
degree of p in ki/k. By Lemma H.13| ^3 G H^(t™\/k\ and, since the extension 
is tame, ^3 f e*p, i.e. ^3 is unramified in ki(( ev )/ki. Hence, by Theorem IV.8.4 
in [TO], *p splits completely in ki(( e m)/ki- It follows that the inertia degree 
of p in fci(Ce<p)/& is exactly the same as in ki/k, i.e. f p . 

Let M<p G £/«p be such that its class modulo ^3 is a generator g«p of /tjp = 
U<$/U}p. By Theorem III. 8. 10 and Proposition IV.6.6 in [IB] , r = (g<p,K/ki) 
is an element of order e<p in iJ. An element 5 G Gal(fci(£ e!p )//;;) in the decom- 
position group of a prime ^}3 in /ci(£ e m) dividing induces an automorphism 
of /tip = (the equality holds since splits completely in A;i (Ce^ )/^i), given 
by 

where \<p t s is an integer. Thus Cep 1 *'^ = $ (Ce v ) = Ce^' s (mod ^3) and, 
recalling that the powers of ( ev are distinct modulo ^3 (since \ e«p), we 
deduce that A«p i( 5 = ^jfe lM)T (5) (mod e<p). Recalling Proposition II. 3. 3 in [To] , 

Atfe,M,T(5)(r) =/i(5| fcl )(r) = {5{g^),K/kx) 

= (g^' s ,K/kA = r A ^ = r *W«). 

Thus 5 G Gki/k,n,r — Gcal(fei(Cea})/^fei/Jfe,^,r)- Hence we conclude that p has 
inertia degree 1 in Z kl / k ^ T /k and thus it is the norm of a prime ideal in 
Zki/k,n,ri i- e -; by Proposition 11.101 its class is in W(k, Z kl / k ^ >T ). 
The proof of the inclusions 

W(k,Z kl/k ^ T ) C H/(fc,E^ iT ) C Sfc^rd)) 

is trivial, using Lemma [2.41 and the fact that E k ^ )T D E k ^ tT ^. □ 

2.3 Realizable classes for ^'-groups of odd order 

The next definition is technical; it will be used to make an induction argument 
over the order of G possible. 

Definition 2.15. We will call a finite group G good if the following proper- 
ties are verified: 

1. For any number field k, K t (k,G) is a group. 

2. For any tame G-extension K/k of number fields there exists an element 
ax/k G k such that: 
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(a) If G is of even order with a cyclic 2-Sylow subgroup, then a square 
root of ax/k generates the quadratic subextension of K/k; if G 
either has odd order or has a noncyclic 2-Sylow subgroup, then 

OiK/k = 1 ■ 

(b) For any prime p, with ramification index e p in K/k, the ideal class 
of 

is in Rt{k, G). 

3. For any tame G- extension K/k of number fields, for any prime ideal 
p of k and any rational prime I dividing its ramification index e p , the 
class of the ideal 

is in R t (k,G) and, if 2 divides (/ — l)j^y> the class of 

l — l m 
p 2 ep(!) 

is in Rt(k, G). 

4- G is such that for any number field k, for any class x G R t (k,G) and 
any integer n, there exists a tame G-extension K with Steinitz class x 
and such that every non trivial subextension of K/k is ramified at some 
primes which are unramified in k(( n )/k. 

Our aim is to prove that A'-groups of odd order are good; but first of all 
at this point we need the following easy lemma. 

Lemma 2.16. For any e\m the greatest common divisor, for l\e, of the in- 
tegers (I - l)^y divides (e-1)™. 

Proof. Let / be the Z-ideal generated by the integers l — l, for all the primes 
l\e. Then e = 1 (mod J), since it is the product of prime factors, each one 
congruent to 1 modulo /. Hence e — 1 is a multiple of the greatest common 
divisor of the integers I — 1 for l\e. 

In particular for any prime I \ e, there exists an Zi je, such that the power 
of I dividing (h - 1)^ divides also (e - l)f . 

Finally for any l\e the power of I dividing (I — l)^jy divides (e — 1)^. □ 

Lemma 2.17. Let Q be a good group, let H be an abelian group of odd order 
prime to that of Q and let fi be an action of Q on H. Suppose (K,ki,k) is 
tamely ramified and of type ji. Let e p be the ramification index of a prime 
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p in ki/k and e*p be the ramification index of a prime of k\ dividing p in 
Kjk\. Then the class of 



is in 

I — 1 ran 
2 o(r) 



l\n T£H(1)\{1} 



Proof. Clearly 



mn mn mn 

(e p e<p - 1) = (e p - 1) h (e<p - 1) 

e p e*p e p e p e<p 

is divisible by 

/ mn mn 
gcd e p - 1 , (e v - 1 

and, since (m,n) = 1, i.e. also (e p ,erp) = 1, this coincides with 



/ mn mn\ 
gcd (e p - 1) , (e«p - 1) . 



Thus, recalling Lemma [2. 161 

l\e v 

If Q either has odd order or has a noncyclic 2-Sylow subgroup, i.e. a^/k = 
1, then we conclude by the hypothesis that Q is good, by Lemma [2.141 and 
by the fact that any prime dividing e<$ is odd. 

We now assume that Q is of even order with a cyclic 2-Sylow subgroup. 
Again using Lemma 12.161 we can find some c Pi ; such that 

p (vrD^-»-K l/t ) = p a p{ep -i)^ pKi/fe ) TTpW-DsPj 

Z|e<p 



= Y[p cpAl ' i) ^ {av ' i) (p^-v^-^i/jy Y[p bpAl ~ lh 

l\e p Z|esp 

We know that j ) (e>e *" 1) ^~ , * (o[ *i/* ) and p^~ l ^' v ^'^ are squares of ide- 
als and that any I dividing e<p is odd. It follows that c Pi 2^fj-(a P — 1) is even, 
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since all the other exponents are. Recalling the hypothesis that Q is good, 
we conclude that the class of 

is in 

Rt(k,g) n -l[ n W(k,E k ^ T )^. 

l\n TdH(l)\{\} 

□ 

Lemma 2.18. Under the same hypotheses as in the preceding lemma, if 
Z|e p esp ; the class of 

is in 

nl — 1 mn 
W(k,E k ^ T ) — ^) . 

reff(J)\{i} 

and, if 2 divides (I — l)^y, the class of 

I — 1 mn 
p 2 ep(0 

is in 

nl — 1 mn 
W(k,E k ^ T ) — ^) . 

T£H(1)\{1} 

Proof. If I divides e p the result is an obvious consequence of the fact that Q 
is good. For i|e$p we conclude by Lemma 12.141 □ 

Now we can prove the following theorem. 

Theorem 2.19. Let k be a number field and let Q be a good group. 

Let H = C{rii) x • • ■ x C{n r ) be an abelian group of odd order prime to 
that of Q and let be an action of Q on H. Then 

R t (k, Hx li G) = R t (k, Q) n J] J] W(k, E k ^ T )^^ 

l\n t&H{1)\{1} 

where E k ^ T is the fixed field of G k ^ T in k(( Q ^), 

G k ,,, T ={ge Gal(k(( o(T) )/k) : 3 9l e Q, fx( gi )(r) = r^} 

and g(( o(T) ) = Q^ 9] for any g G Gal(k(( ( T ))/k). Furthermore G = H y\^Q 
is good. 
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Proof. Let x G Rt(&, # >V<?); then x is the Steinitz class of a tame extension 
(K, ki, k) of type \i and it is the class of a product of elements of the form 

Hence it is contained in 

Mk,g) n -H n h/^,^) 1 ^^ 

i|n reif(Q\{l} 

by Lemma [2 . 1 71 and the fact that the last expression is a group. Hence 
R t (k, H x fi g)Q R t (k, Q) n ■ Y[ II W{k,E k ^ T ) l ^W) . 

l\n t£H(1)\{1} 

The opposite inclusion is given by Theorem 11.11 and Proposition 12.131 
We now show that H x M Q is a good group. 

1. The first point of the definition of good groups is clear by what we have 
just proved about Rt(k, H x M Q). 

2. This follows from Lemma f2.17[ choosing ax/k — a A-i/fc f° r an y extension 
(K, ki, k) of type \i. 

3. This follows from Lemma [2.181 

4. This comes from Proposition 12.131 

□ 

Now we will consider direct products of good groups. We again need two 
lemmas. 

Lemma 2.20. Let Q\ and $2 be good groups of orders m and n respectively. 
Let us assume that m and n are not both even or that Q\ and Q2 have both 
non-cyclic 2- Sylow subgroups. LetK/k be a tame Q\xQ ' 2 - extension of number 
fields, where K = k±k 2 and k{/k are Qi- extensions, let e p be the ramification 
index of a prime p in K/k, and let 

{ a k!/k tf *3i has even order and cyclic 2-Sylow subgroups 
a h2/k tf&z has even order and cyclic 2-Sylow subgroups 
1 else. 
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Then the class of the ideal 
is in 

R t (k,g 1 ) n R t (k,g 2 ) m . 

Proof. Let p be a prime ramifying in K/k. Let (gi, g 2 ) be a generator of its 
inertia group (it is cyclic since the ramification is tame); then g\ generates 
the inertia group of p in k\jk and g 2 in k 2 /k. Let e Pi j be the ramification 
index of p in ki/k; then e p = lcm(e Pj i, e p ^)- In particular for any prime I 
dividing e p , e p (Z) = max{e Pi i(7), e Pj2 (7)}. 

Let us first consider the case in which the order of Q\ x Q 2 is odd or 
its 2-Sylow subgroups are not cyclic. In this case a K/k — 1 and, recalling 
Lemma [2.161 we have 

p y f ' e P = I I p ,v /e f(0 

l\e p l\e p 
e p (l)=e pA {l) e p (0^ e p,l(0 

where all the exponents a?(7 — 1) e ^ and ai(l— l) e ^ are clearly even. Thus, 

since £1 and £ 2 are good, the class of p 2 e f is in R t (/i:, Qi) n R t (k, Q 2 ) m . 

Let us now assume that Q\ x £2 is of even order with cyclic 2-Sylow 
subgroups. Thus we may suppose that the order of Q\ is even, that Q\ has 
cyclic 2-Sylow subgroups and that the order of Q 2 is odd. Then 



and, recalling Theorem II. 1[ we deduce that 

1 ~ -i\mn i ' -1 \ mn 

( e p — 1 ) ( e v , 1 — 1 ) 

p V v ' e P v V ' e p,l 

is the square of an ideal and we have 

p V P ' e p * P' 1 ' e p i 

Z|e p 'l e p,i 

no,(l-l)-^ T-r (ai-feOe-^^rn TT — 6i(Z— 1 

p e P. 2(i) J } p e P> l(0 }} p 



l\e v l\e p Z|e P: i 

e P (0=ep,2(0 e p (/)^e Pi2 (0 e p (7)=e p>2 (0 
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For odd primes / all the exponents in the above expression are even; we 
deduce that this must be true also for the component corresponding to I — 2 
(if 2|e p ), i.e. for (a 2 — b 2 ) e ™" 2 ) > an d hence also for (a 2 — 6 2 ) e ™ 2 ) since n is 
odd. 

Thus by the hypothesis that Gi and G2 are good, we easily obtain that 
the class of the ideal 



is in R t {k,g 1 ) n R t {k,g 2 ) m . 

Now we can conclude that the class of 

is in R t (k, Gi) n Rt{k, G-i) m , since also 

r 

is in R t (k, Gi) n and R<(/c, and Rt(k, G-i) are groups. □ 

Lemma 2.21. Under the same hypotheses as in the preceding lemma, ifl\e p , 
the class of 

is in Rt(k, Qi) n R t (k, Q 2 ) m and, if 2 divides (I — the class of the ideal, 

l — l mn 

is fflR^^^Rtftfe)™ 

Proof. Let l\e p and let us assume that e p {l) = e Pjl (Z). Then 

p^m = (p^^y 

and its class is in R t (k, Gi) n , by the hypothesis that Gi is good. If (/ — l)^y 
is even then 2 divides (/ — (if Z = 2 then this is true because 2|e p (2) = 

e Pi i(2)|m and thus by hypothesis n is odd or the 2-Sylow subgroup of Gi is 
not cyclic, i.e. 2 divides m/e Pi i(2) = m/e p (2)). Then 

i-1 m \ n 



P 2 T^JTj = lp 2 e P,l« I 



is in R t (k,Qi) n by the assumption that Gi is good. The case e p (l) = e Pj2 (Z) 
is identical. □ 
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2.3 Realizable classes for A'-groups of odd order 



Theorem 2.22. Let Q\ and Q 2 be good groups of orders m and n respectively 
and let us assume that m and n are not both even or that Q\ and Q 2 have 
both non-cyclic 2-Sylow subgroups. Then 



Furthermore the group Q\ x Q 2 is good. 

Proof. One inclusion is quite straightforward considering the composition 
of Q\- and (^-extensions of k with appropriate Steinitz classes and using 
Proposition 11.21 

The opposite inclusion follows by Lemma 12.201 and Theorem 11.11 
Now again by Lemma 12.201 and by Lemma 12.211 it follows that Q\ x Q 2 is 
good. □ 

So we obtain our most important result. 

Theorem 2.23. Every A 1 -group G of odd order is good. In particular for 
any such group and any number field k, K t (k,G) is a subgroup of the ideal 
class group of k. 

Proof. Inductively, by Theorem 12.191 and Theorem I2.22[ since the trivial 
group is obviously good. □ 

Of course the above arguments can be used to calculate Rt(fc, G) explicitly 
for a given number field and a given A'-group of odd order. 
Now we recall the following well-known lemma. 

Lemma 2.24. Let k be a number field and let a 6 Ok be such that a = 1 
(mod 4:0^). Then the extension k{\fa)/k is tame. 

Proof. By an easy calculation, v/ ^ +1 is an integer, so it is in O k t^y. Now 



In particular it follows that 2 \ d(k(y/at)/k), i.e. 2 does not ramify in k(y/a)/k 



d 




and so 



d(k{y/a)/k)\(a). 



and so the extension is tame. 



□ 



Proposition 2.25. Let k be any number field, then 



R 4 (fc,C(2)) = cl(fc). 



Further C(2) is a good group. 



29 



References 



Proof. Let x G cl(fc) be any ideal class and let qi and (\2 be prime ideals in 
it, which are in the same ray class modulo 4. Thanks to Proposition II. 7\ we 
can choose a prime ideal qo in the ray class modulo 4, which is inverse to 
that of qi and q2- 

By construction, q^qiq2 is principal generated by an a e 1 (mod 4). It 
follows from Theorem 11.11 that 

D d(fc(V5)/fc) 
a 

is the square of a fractional ideal and by Lemma \2. 241 the extension k(y/a)/k 
is tame. In particular all the primes dividing d{k{\fa)/k) appear with ex- 
ponent 1 in its factorization. Then, since (a) = qoqiq2, the only possibility 
for D to be a square, is that it equals q^ 2 . Then, again by Theorem ll.il the 
Steinitz class of k{-\fa)/k is x. 

Now it is trivial to see that C(2) is good. □ 

Finally we can also use Theorem 12.191 to prove the following result about 
dihedral groups. 

Theorem 2.26. Every dihedral group D n with odd n is good. In particular 
for any number field k, K t (k,D n ) is a subgroup of the ideal class group of k. 

Proof. Immediate by Theorem 12.191 and Proposition 12.251 □ 
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